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        Nature and structure of 

        Testing ground:  high-precision antikaon-nucleon threshold physics

        Strange quarks are intermediate between “light” and “heavy”: 

        Role of strangeness in dense baryonic matter ?

        Quest for quasi-bound antikaon-nuclear systems ?

interaction

        BASIC ISSUES

    interplay between 
    spontaneous and explicit chiral symmetry breaking 
    in low-energy QCD 

Λ(1405)

 three-quark valence structure  vs. 
“molecular” meson-baryon system ?  

(B = 1, S = −1, J
P = 1/2−)

   strongly attractive low-energy   K̄N

   new constraints from neutron stars   



chiral perturbation theory NOT applicable

Λ(1405) resonance 27 MeV below  threshold:

Non-perturbative Coupled-Channels Dynamics
based on Chiral SU(3) Effective Lagrangian

LOW-ENERGY SYSTEMS 

Poles and thresholds:

Strategy: 

K̄N − πY



CHIRAL SU(3) DYNAMICS 
with COUPLED CHANNELS

Pseudoscalar meson octet

Kernel          from 
CHIRAL SU(3) EFFECTIVE MESON-BARYON LAGRANGIAN
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CHIRAL SU(3) COUPLED CHANNELS DYNAMICS

Tij = Kij +

∑

n

Kin Gn Tnj

12 ↔ 21 :

|1〉 = |K̄N, I = 0〉 |2〉 = |πΣ, I = 0〉

πΣbound stateK̄N resonance

driving interactions individually strong enough to produce

strong 
channel coupling
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Note: ENERGY DEPENDENCE  characteristic of Nambu-Goldstone Bosons
Leading s-wave I = 0 meson-baryon interactions (Tomozawa-Weinberg)

fπ = 92.4 ± 0.3 MeV

fK = 110.0 ± 0.9 MeV
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CHIRAL SU(3) EFFECTIVE FIELD THEORY with 
COUPLED CHANNELS

leading order (Tomozawa - Weinberg) terms

G. Beer et al.
  Phys. Rev. Lett. 

94 (2005) 212302

M. Iwasaki et al.
 Phys. Rev. Lett. 
78 (1997) 3067

Ima(K−p)

scattering length 
from 

kaonic hydrogen

KEK

DEAR @ LNF

SIDDHARTA @ LNF 
  M. Bazzi et al.  :   Phys. Lett. B 704 (2011) 113

K−p

Rea(K−p)



TW 

SIDDHARTA

NEWS  from  SIDDHARTA

Kaonic hydrogen precision data 
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strong interaction shift and width: 

∆E = 283 ± 36 (stat)±6 (syst) eV

Γ = 541 ± 89 (stat)±22 (syst) eV
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Pole structure in the complex energy plane
Resonance state ~ pole of the scattering amplitude

∼

Tij(
√

s) ∼ gigj√
s − MR + iΓR/2

D. Jido, J.A. Oller, E. Oset, A. Ramos, U.G. Meissner, Nucl. Phys. A 723, 205 (2003)

Λ(1405) in meson-baryon scattering

T. Hyodo, D. Jido, arXiv:1104.4474

K̄NπΣ

The   TWO  POLES   scenario 

D. Jido et al. ,   Nucl. Phys.  A723 (2003) 205

dominantly
πΣ

dominantly
K̄N

T. Hyodo,  W. W. :  Phys. Rev.  C 77 (2008) 03524
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The   TWO  POLES   scenario 

starting point: 
                no channel coupling

K̄N

πΣ

bound state

resonance
K̄N

channel coupling at work

Singularities of K̄N amplitude
in the complex energy plane

D. Jido et al.
Nucl. Phys.  A725 (2003) 181

T. Hyodo,  W. W. ,   Phys. Rev. C77 (2008) 03524
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Fig. 2 Forward scattering amplitudes FK̄N (left) and FπΣ (right). Real parts are shown as
solid lines and imaginary parts as dashed lines. The amplitudes shown are related to the Tij

in Eq. (2) by Fi = −MiTii/(4π
√

s).

valance of the two attractive forces. As we emphasized in the previous section, the
meson-baryon interaction is governed by the chiral low energy theorem. Hence, we
consider that the two-pole structure of the Λ(1405) is a natural consequence of chiral
symmetry.

4 Effective single-channel interaction

Keeping the structure of the Λ(1405) in mind, we construct an effective single-channel
K̄N interaction which incorporates the dynamics of the other channels 2-4 (πΣ, ηN ,
and KΞ). We would like to obtain the solution T11 of Eq. (2) by solving a single-channel
equation with kernel interaction V eff, namely,

T eff = V eff + V eff G1 T eff = T11.

Consistency with Eq. (2) requires that V eff be the sum of the bare interaction in
channel 1 and the contribution Ṽ11 from other channels:

V eff = V11 + Ṽ11, Ṽ11 =
4X

m=2

V1m Gm Vm1 +
4X

m,l=2

V1m Gm T
(3)
ml Gl Vl1, (3)

T
(3)
ml = Vml +

4X

k=2

Vmk Gk T
(3)
kl , m, l = 2, 3, 4.

where T
(3)
ml is the 3 × 3 matrix with indices 2-4, and expresses the resummation of

interactions other than channel 1. Note that Ṽ11 includes iterations of one-loop terms
in channels 2-4 to all orders, stemming from the coupled-channel dynamics. This is an
exact transformation, as far as the K̄N scattering amplitude is concerned.

The effective K̄N interaction V eff is calculated within a chiral coupled-channel
model [14]. It turns out that the πΣ and other coupled channels enhance the strength
of the interaction at low energy, although not by a large amount. The primary effect
of the coupled channels is found in the energy dependence of the interaction kernel. In
the left panel of Fig. 2, we show the result of K̄N scattering amplitude T eff, which is
obtained by solving the single-channel scattering equation with V eff. The full amplitude
in the πΣ channel is plotted in the right panel for comparison. It is remarkable that the
resonance structure in the K̄N channel is observed at around 1420 MeV, higher than
the nominal position of the Λ(1405). What is experimentally observed is the spectrum

1405
1420

T. Hyodo,  W. W. :  Phys. Rev. C77 (2008) 03524

The  TWO  POLES  scenario   (contd.)

Note difference in spectral maxima of and πΣ

Equivalent   K̄N effective interaction should produce 

K̄N
D. Jido et al. ,  NP A725 (2003) 263 

K̄N πΣ amplitudesand  

quasibound state at  1420 MeV  (not 1405 MeV)
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Figure 1: Feynman diagrams for the meson-baryon interactions in chiral perturbation theory.
(a) Weinberg-Tomozawa interaction, (b) s-channel Born term, (c) u-channel Born term, (d)
NLO interaction. The dots represent the O(p) vertices while the square denotes the O(p2)
vertex.

where qi, Mi and Ei are the momentum, the mass and the energy of the baryon in channel i, and χσi is
the two-component Pauli spinor for the baryon in channel i. Applying the s-wave projection (11), we
obtain the WT interaction

V WT
ij (W ) = −Cij

4f2
(2W − Mi − Mj)

√
Mi + Ei

2Mi

√
Mj + Ej

2Mj
. (15)

The Cij coefficients express the sign and the strength of the interaction for this channel. With the
SU(3) isoscalar factors [101, 102], it is given by [103, 104]

Cij =
∑

α

[6 − C2(α)]

(
8 8 α

Iī, Yī Ii, Yi I, Y

)(
8 8 α

Ij̄, Yj̄ Ij, Yj I, Y

)
, (16)

Y = Yī + Yi = Yj̄ + Yj, I = Iī + Ii = Ij̄ + Ij,

where α is the SU(3) representation of the meson-baryon system with C2(α) being its quadratic Casimir,
Ii and Yi are the isospin and hypercharge of the particle in channel i (i stands for the baryon and ī for
the meson). Explicit values of Cij for the S = −1 meson-baryon scattering can be found in Ref. [8]. It
is remarkable that the sign and the strength of the interaction (15) are fully determined by the group
theoretical factor Cij. This is because the low energy constant is absent in the Lagrangian (13), as it
is derived from the covariant derivative. In the language of current algebra, this is the consequence
of the vector current conservation (Weinberg-Tomozawa theorem) [74, 75]. Indeed, at threshold of
the πN → πN amplitude, Eq. (15) gives the scattering length (the relation of the T-matrix with the
nonrelativistic scattering amplitude is summarized in Appendix)

aπN→πN =






MN

4π(MN + mπ)

mπ

f 2
for I = 1/2

− MN

8π(MN + mπ)

mπ

f2
for I = 3/2

,

in accordance with the low energy theorem.
It is also remarkable that the phenomenological vector meson exchange potential [6] leads to the

same channel couplings with Cij when the flavor SU(3) symmetric coupling constants are used. In fact,
with the KSRF relation g2

V = m2
V /2f 2 [105, 106], the vector meson exchange potential reduces to the

contact interaction V ∝ Cij/f2 in the limit mV → ∞.
Another important feature of Eq. (15) is the dependence on the total energy W . This is a consequence

of the derivative coupling nature of the NG boson in the nonlinear realization. The energy dependence
is an important aspect for the discussion of the s-wave resonance state.
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the meson). Explicit values of Cij for the S = −1 meson-baryon scattering can be found in Ref. [8]. It
is remarkable that the sign and the strength of the interaction (15) are fully determined by the group
theoretical factor Cij. This is because the low energy constant is absent in the Lagrangian (13), as it
is derived from the covariant derivative. In the language of current algebra, this is the consequence
of the vector current conservation (Weinberg-Tomozawa theorem) [74, 75]. Indeed, at threshold of
the πN → πN amplitude, Eq. (15) gives the scattering length (the relation of the T-matrix with the
nonrelativistic scattering amplitude is summarized in Appendix)

aπN→πN =






MN

4π(MN + mπ)

mπ

f 2
for I = 1/2

− MN

8π(MN + mπ)

mπ

f2
for I = 3/2

,

in accordance with the low energy theorem.
It is also remarkable that the phenomenological vector meson exchange potential [6] leads to the

same channel couplings with Cij when the flavor SU(3) symmetric coupling constants are used. In fact,
with the KSRF relation g2

V = m2
V /2f 2 [105, 106], the vector meson exchange potential reduces to the

contact interaction V ∝ Cij/f2 in the limit mV → ∞.
Another important feature of Eq. (15) is the dependence on the total energy W . This is a consequence

of the derivative coupling nature of the NG boson in the nonlinear realization. The energy dependence
is an important aspect for the discussion of the s-wave resonance state.

14

(a) (b) (c) (d)

Figure 1: Feynman diagrams for the meson-baryon interactions in chiral perturbation theory.
(a) Weinberg-Tomozawa interaction, (b) s-channel Born term, (c) u-channel Born term, (d)
NLO interaction. The dots represent the O(p) vertices while the square denotes the O(p2)
vertex.

where qi, Mi and Ei are the momentum, the mass and the energy of the baryon in channel i, and χσi is
the two-component Pauli spinor for the baryon in channel i. Applying the s-wave projection (11), we
obtain the WT interaction

V WT
ij (W ) = −Cij

4f2
(2W − Mi − Mj)

√
Mi + Ei

2Mi

√
Mj + Ej

2Mj
. (15)

The Cij coefficients express the sign and the strength of the interaction for this channel. With the
SU(3) isoscalar factors [101, 102], it is given by [103, 104]

Cij =
∑

α

[6 − C2(α)]

(
8 8 α
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CHIRAL SU(3) COUPLED CHANNELS DYNAMICS:

-  NLO hierarchy of driving terms  -

leading order  (Weinberg-Tomozawa) terms
input: physical pion and kaon decay constants

direct and crossed Born terms
input:  axial vector constants
D and F from hyperon beta decays

Now we turn to the baryons which are introduced as matter fields in the nonlinear realization [93, 94].
The octet baryon fields are collected as

B =





1√
2
Σ0 + 1√

6
Λ Σ+ p

Σ− − 1√
2
Σ0 + 1√

6
Λ n

Ξ− Ξ0 − 2√
6
Λ



 ,

which transforms under g ∈ SU(3)R × SU(3)L as

B
g→ hBh†, B̄

g→ hB̄h†,

with h(g, u) ∈ SU(3)V . For baryons, the mass term M0Tr(B̄B) is chiral invariant even if the quark
masses are absent. The mass term brings the additional scale M0 in the theory, which causes problems
in the counting rule of Lagrangian and eventually in the systematic renormalization program. An
elegant method to avoid this difficulty is the heavy baryon chiral perturbation theory [95], where the
baryon fields are treated as heavy static fermions and the limit M0 → ∞ is taken. Here we follow
Refs. [96, 97, 98] to construct the relativistic chiral Lagrangian with keeping the common mass of the
octet baryons M0 finite.4 We define the following quantities

χ+ = uχ†u + u†χu†, χ− = uχ†u − u†χu†,

uµ = i{u†(∂µ − irµ)u − u(∂µ − ilµ)u†},

Γµ =
1

2
{u†(∂µ − irµ)u + u(∂µ − ilµ)u†}.

The latter two quantities are related to the vector (Vµ) and axial vector (Aµ) currents as Aµ = −uµ/2

and Vµ = −iΓµ. These quantities are transformed as O
g→ hOh†, except for the chiral connection Γµ,

which transforms as
Γµ

g→ hΓµh
† + h∂µh

†.

Then the covariant derivatives for the octet baryon fields can be defined as

DµB = ∂µB + [Γµ, B].

The power counting rule for baryon fields is given by

B, B̄ : O(1), uµ, Γµ, (i /D − M0)B : O(p), χ± : O(p2).

With these counting rules, we can construct the most general effective Lagrangian for meson-baryon
system as

Leff(B, U) =
∞∑

n=1

[LM
2n(U) + LMB

n (B,U)],

where LMB
n (B, U) consists of bilinears of B field with the chiral order O(pn). In the lowest order O(p),

we have

LMB
1 = Tr

(
B̄(i /D − M0)B +

D

2
(B̄γµγ5{uµ, B}) +

F

2
(B̄γµγ5[uµ, B])

)
, (9)

4In this paper we utilize chiral perturbation theory for the meson-baryon scattering amplitude up to O(p2) where no
loop diagram appears. At O(p3), an appropriate renormalization procedure in the relativistic scheme [99, 100] must be
introduced.
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next-to-leading order (NLO)
input:  7 s-wave low-energy constants

gA = D + F = 1.26

O(p2)
where D and F are low energy constants related to the axial charge of the nucleon gA = D + F ∼
1.26, and M0 denotes the common mass of the octet baryons. Among many next-to-leading order
Lagrangians [96, 97, 98], the relevant terms to the meson-baryon scattering are

LMB
2 =bDTr

(
B̄{χ+, B}

)
+ bF Tr

(
B̄[χ+, B]

)
+ b0Tr(B̄B)Tr(χ+)

+ d1Tr
(
B̄{uµ, [uµ, B]}

)
+ d2Tr

(
B̄[uµ, [uµ, B]]

)

+ d3Tr(B̄uµ)Tr(uµB) + d4Tr(B̄B)Tr(uµuµ), (10)

where bi and di are the low energy constants. The first three terms are proportional to the χ field and
hence to the quark mass term. Thus, they are responsible for the mass splitting of baryons. Indeed,
Gell-Mann–Okubo mass formula follows from the tree level calculation with isospin symmetric masses
mu = md = m̂ "= ms.

3.3 Low energy meson-baryon interaction

Here we derive the s-wave low energy meson-baryon interaction up to the order O(p2) in momen-
tum space. In three flavor sector, several meson-baryon channels participate in the scattering, which
are labeled by the channel index i. The scattering amplitude from channel i to j can be written as
Vij(W, Ω,σi,σj) where W is the total energy of the meson-baryon system in the center-of-mass sys-
tem, Ω is the solid angle of the scattering, and σi is the spin of the baryon in channel i. Since we
are dealing with the scattering of the spinless NG boson off the spin 1/2 baryon target, the angular
dependence vanishes and the spin-flip amplitude does not contribute after the s-wave projection and
the spin summation. Thus, the s-wave interaction depends only on the total energy W as

Vij(W ) =
1

8π

∑

σ

∫
dΩ Vij(W, Ω, σ,σ). (11)

In chiral perturbation theory up to O(p2), there are four kinds of diagrams as shown in Fig. 1. For the
s-wave amplitude, the most important piece in the leading order terms is the Weinberg-Tomozawa (WT)
contact interaction (a). The covariant derivative term in Eq. (9) generates this term which can also be
derived from chiral low energy theorem. At order O(p), in addition to the WT term, there are s-channel
Born term (b) and u-channel term (c) which stem from the axial coupling terms in Eq. (9). Although
they are in the same chiral order with the WT term (a), the Born terms mainly contribute to the p-wave
interaction and the s-wave component is in the higher order of the nonrelativistic expansion [72]. With
the terms in the next-to-leading order Lagrangian (10), the diagram (d) gives the O(p2) interaction. In
summary, the tree-level meson-baryon amplitude is given by

Vij(W, Ω,σi,σj) = V WT
ij (W, Ω,σi,σj) + V s

ij(W, Ω,σi,σj) + V u
ij (W, Ω,σi,σj) + V NLO

ij (W, Ω,σi,σj), (12)

where V WT
ij , V s

ij, V u
ij and V NLO

ij terms correspond to the diagrams (a), (b), (c) and (d) in Fig. 1,
respectively. In the following we derive the amplitude Vij(W ) by calculating these diagrams.

Let us first consider the WT interaction (a). By expanding the covariant derivative term in Eq. (9)
in powers of meson field Φ, we obtain the meson-baryon four-point vertex

LWT =
1

4f 2
Tr

(
B̄iγµ[Φ∂µΦ − (∂µΦ)Φ, B]

)
. (13)

The tree-level amplitude by this term is given by

V WT
ij (W, Ω,σi,σj) = − Cij

4f 2

√
Mi + Ei

2Mi

√
Mj + Ej

2Mj

× (χσi)T

[
2W − Mi − Mj + (2W + Mi + Mj)

qi · qj + i(qi × qj) · σ
(Mi + Ei)(Mj + Ej)

]
χσj , (14)
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Tij = Kij +

∑

n

Kin Gn Tnj

(contd.)

loop integrals (with meson-baryon Green functions) 
using dimensional regularization:

finite parts including subtraction constants a(µ) :

channels:  K−p, K̄0n, π
0Σ0

, π
+Σ−

, π
−Σ+

, π
0Λ, ηΛ, ηΣ0

, K+Ξ−

, K−Ξ0



UPDATED ANALYSIS of K−p THRESHOLD PHYSICS

Chiral SU(3) coupled-channels dynamics 
Tomozawa-Weinberg   +  Born terms  +  NLO

Γ(K−p → π
+Σ−)

Γ(K−p → π
−Σ+)

Γ(K−p → π
+Σ−

, π
−Σ+)

Γ(K−p → all inelastic channels)

Γ(K−p → π
0Λ)

Γ(K−p → neutral states)

threshold branching ratios

2.36 ± 0.04

0.66 ± 0.01

0.19 ± 0.02

kaonic hydrogen shift & width theory (NLO) exp. 

∆E (eV)

Γ (eV)

best fit achieved with 

scattering length

541 ± 89 ± 22

283 ± 36 ± 6306

0.19

Re a(K−p) = −0.65 ± 0.10(fm)

591

0.66
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Ima(K−p) = 0.81 ± 0.15

2.37

χ2/d.o.f. ! 0.9

(SIDDHARTA)



UPDATED ANALYSIS of K−p THRESHOLD PHYSICS

Non-trivial result: 
best NLO fit prefers physical values of decay constants:

Table 9: Summary of the subtraction constants and low-energy constants in BNW
convention[4] and meson decay constants in Model NLO3.

Channels Fock spaces ai(µ = 1GeV) × 10−3

1, 2 K̄N −2.3781
3 πΛ −16.569

4, 5, 6 πΣ 4.3498
7 ηΛ −0.0055866
8 ηΣ 1.9014

9, 10 KΞ 15.829
fK (MeV) 110.00
fη (MeV) 118.82

b0 (GeV−1) −0.047876
bD (GeV−1) 0.0047648
bF (GeV−1) 0.040119
d1 (GeV−1) 0.086461
d2 (GeV−1) −0.10623
d3 (GeV−1) 0.092194
d4 (GeV−1) 0.063991

Table 10: Results of fitting in NLO3. The experimental values of branching ratios are
taken from [9, 10].

Observables Theory Experiment
∆E (eV) 306 283 ± 42
Γ (eV) 591 541 ± 111

γ 2.36 2.36 ± 0.04
Rc 0.659 0.664 ± 0.011
Rn 0.192 0.189 ± 0.015

aK−p (fm) −0.81 + i0.87
Poles of the Λ(1405) (MeV) 1424.2 − i26.3, 1380.7 − i81.3
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NLO parameters are non-negligible but small

Tomozawa-Weinberg terms dominant

Born terms significant

(fπ = 92.4 MeV )

(a) (b) (c) (d)

Figure 1: Feynman diagrams for the meson-baryon interactions in chiral perturbation theory.
(a) Weinberg-Tomozawa interaction, (b) s-channel Born term, (c) u-channel Born term, (d)
NLO interaction. The dots represent the O(p) vertices while the square denotes the O(p2)
vertex.

where qi, Mi and Ei are the momentum, the mass and the energy of the baryon in channel i, and χσi is
the two-component Pauli spinor for the baryon in channel i. Applying the s-wave projection (11), we
obtain the WT interaction

V WT
ij (W ) = −Cij

4f2
(2W − Mi − Mj)

√
Mi + Ei

2Mi

√
Mj + Ej

2Mj
. (15)

The Cij coefficients express the sign and the strength of the interaction for this channel. With the
SU(3) isoscalar factors [101, 102], it is given by [103, 104]

Cij =
∑

α

[6 − C2(α)]

(
8 8 α

Iī, Yī Ii, Yi I, Y

)(
8 8 α

Ij̄, Yj̄ Ij, Yj I, Y

)
, (16)

Y = Yī + Yi = Yj̄ + Yj, I = Iī + Ii = Ij̄ + Ij,

where α is the SU(3) representation of the meson-baryon system with C2(α) being its quadratic Casimir,
Ii and Yi are the isospin and hypercharge of the particle in channel i (i stands for the baryon and ī for
the meson). Explicit values of Cij for the S = −1 meson-baryon scattering can be found in Ref. [8]. It
is remarkable that the sign and the strength of the interaction (15) are fully determined by the group
theoretical factor Cij. This is because the low energy constant is absent in the Lagrangian (13), as it
is derived from the covariant derivative. In the language of current algebra, this is the consequence
of the vector current conservation (Weinberg-Tomozawa theorem) [74, 75]. Indeed, at threshold of
the πN → πN amplitude, Eq. (15) gives the scattering length (the relation of the T-matrix with the
nonrelativistic scattering amplitude is summarized in Appendix)

aπN→πN =






MN

4π(MN + mπ)

mπ

f 2
for I = 1/2

− MN

8π(MN + mπ)

mπ

f2
for I = 3/2

,

in accordance with the low energy theorem.
It is also remarkable that the phenomenological vector meson exchange potential [6] leads to the

same channel couplings with Cij when the flavor SU(3) symmetric coupling constants are used. In fact,
with the KSRF relation g2

V = m2
V /2f 2 [105, 106], the vector meson exchange potential reduces to the

contact interaction V ∝ Cij/f2 in the limit mV → ∞.
Another important feature of Eq. (15) is the dependence on the total energy W . This is a consequence

of the derivative coupling nature of the NG boson in the nonlinear realization. The energy dependence
is an important aspect for the discussion of the s-wave resonance state.
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TW TWB NLO

aK̄N (10−3) −1.57 −1.04 −2.38

aπΛ (10−3) −107.97 −8.06 −16.57

aπΣ (10−3) 2.31 2.96 4.35

aηΛ (10−3) −0.20 −3.46 −0.01

aηΣ (10−3) 216.37 3.52 1.90

aKΞ (10−3) 39.48 12.51 15.83

fK (MeV) 110.8 109.0 110.0
fη (MeV) 124.5 124.6 118.8

b̄0 (10−2 GeV−1) − − −4.79

b̄D (10−2 GeV−1) − − 0.48

b̄F (10−2 GeV−1) − − 4.01

d1 (10−2 GeV−1) − − 8.65

d2 (10−2 GeV−1) − − −10.62

d3 (10−2 GeV−1) − − 9.22

d4 (10−2 GeV−1) − − 6.40

χ2/d.o.f. 1.12 1.15 0.96

Table 2: Parameters resulting from the systematic χ2 analysis, using leading order (TW)

plus Born terms (TWB) and full NLO schemes. Shown are the isospin symmetric subtrac-

tion constants ai(µ) at µ = 1 GeV, the meson decay constants fK and fη, the renormalized

NLO constants b̄i and di, and χ2/d.o.f. of the fit.

11

TW TWB NLO

∆E [eV] 373 377 306
Γ [eV] 495 514 591

γ 2.36 2.36 2.37
Rn 0.20 0.19 0.19
Rc 0.66 0.66 0.66

pole positions 1422− 16 i 1421− 17 i 1424− 26 i
[MeV] 1384− 90 i 1385− 105 i 1381− 81 i

Table 3: Results of the systematic χ2 analysis using leading order (TW) plus Born terms

(TWB) and full NLO schemes. Shown are the energy shift and width of the 1s state of

kaonic hydrogen (∆E and Γ), threshold branching ratios (γ, Rn and Rc), and the pole

positions of the isospin I = 0 amplitude in the K̄N -πΣ domain.

only marginally. The energy shift ∆E = 377 eV is not improved by the
inclusion of the Born terms, but the values of the subtraction constants
(Table 2) are now reaching “natural” sizes. From the theoretical point of
view, this now indicates a consistent description of the interaction kernel
and the loop function.

Finally the NLO terms are added in the construction of the full ampli-
tudes. The χ2 analysis provides the best fit parameters with χ2/d.o.f. = 0.96.
The kaonic hydrogen shift and width are now within the error bars of the
SIDDHARTA measurements. Threshold branching ratios and total cross
sections of the K−p scattering and reaction processes are well reproduced as
demonstrated in Table 3 and Fig. 2. The parameters determined by the NLO
fit are altogether meaningful: natural-sized subtraction constants and small
renormalized NLO parameters. The relative importance of the KΞ channel
involving double-strangeness exchange is worth mentioning. The stepwise im-
provement of the theoretical description of the meson-baryon amplitudes in
the three schemes from TW via TWB to NLO is evident, emphasizing the
important role of the accurate kaonic hydrogen data in constraining chiral
SU(3) dynamics. In contrast, the scattering data alone (see Fig. 2) do not
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UPDATED ANALYSIS of K−p THRESHOLD PHYSICS
with  SIDDHARTA  constraints (contd.)

Consistent LO     NLO hierarchy
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first measurement of K-deuteron scattering length
(including potentially important information about K-NN absorption) 

CHIRAL SU(3) COUPLED CHANNELS DYNAMICS

Predicted antikaon-neutron amplitudes at and below threshold
Y. Ikeda, T. Hyodo,  W. Weise :      Phys. Lett. B 706 (2011) 63 ,  Nucl. Phys.  A 881 (2012) 98

Needed: 
accurate constraints from antikaon-deuteron threshold measurements

complete information for both isospin I = 0 and channelsI = 1 K̄N

subtraction constants as in the Q = 0 sector, the calculated K−n scattering

lengths are:

a(K−n) = 0.29 + i 0.76 fm (TW) , (29)

a(K−n) = 0.27 + i 0.74 fm (TWB) , (30)

a(K−n) = 0.57 + i 0.73 fm (NLO) . (31)

The relatively large jump in Re a(K−n) when passing from “TW” and “TWB”

to the best-fit “NLO” scheme is strongly correlated to the corresponding

change in Re a(K−p). Thus, to determine the I = 1 component of the K̄N
scattering length, it is highly desirable to extract the K−n scattering length,

e.g. from a precise measurement of kaonic deuterium [23, 16].

Next, consider the subthreshold extrapolation of the complex elastic K−n
amplitude. Fig. 5 shows the real and imaginary parts of this amplitude. Note

that the I = 1 K̄N interaction is also attractive but weaker than the I = 0

interaction so that f(K−n → K−n) is non-resonant. In the absence of

empirical threshold constraints for the K−n scattering length one still faces

relatively large uncertainties. Variation of the subtraction constants within

the range of Eq. (23) applied to the NLO scheme leads to the following

estimated uncertainties:

a(K−n) = 0.57
+0.04
−0.21 + i 0.72

+0.26
−0.41 fm . (32)
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Figure 5: Real part (left) and imaginary part (right) of the K−n → K−n forward scat-
tering amplitude extrapolated to the subthreshold region.
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K−n scattering length and amplitude

Tetsuo Hyodo

October 24, 2011

The K−n scattering length is calculated as

aK−n = 0.29 + i0.76 fm (WT)

aK−n = 0.27 + i0.74 fm (WTB)

aK−n = 0.57 + i0.72 fm (NLO)

The scattering amplitude is shown in Fig. .
The jump of the real part of the scattering length in the step WTB → NLO is correlated with

the jump of the K−p scattering length:

aK−p = −0.93 + i0.82 fm (WT)

aK−p = −0.94 + i0.85 fm (WTB)

aK−p = −0.70 + i0.89 fm (NLO)

Note that the results with the WT and WTB models are a bit off the SIDDHARTA result.
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Pole structure in the complex energy plane
Resonance state ~ pole of the scattering amplitude

∼

Tij(
√

s) ∼ gigj√
s − MR + iΓR/2

D. Jido, J.A. Oller, E. Oset, A. Ramos, U.G. Meissner, Nucl. Phys. A 723, 205 (2003)
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Figure 4: Real and imaginary part of the K−p → K−p scattering amplitude. The shaded band indicates the uncertainty of the calculation. The data point at
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framework, see Ref. [8], it is known that off-shell effects can ac-
count for large modifications of the pole positions. Setting the
tadpole integrals to zero, we obtain immediately the solution of
the BSE in the on-shell factorization. Note that this solution is
still different to the one by Ikeda et al. [6, 7] since no s-wave
projection is performed. We found that in the present case the
off-shell effects do not alter the pole position drastically. More
precisely, the imaginary part of the first pole decreases and the
one of the second increases by about 10 MeV. The real parts of
both poles do not change significantly. Secondly, we noticed
much smaller values of the NLO LECs found by Ikeda et al.
additionally to the fact that the LECs bi (i = 5, .., 11) were ne-
glected there due to the s-wave projection. To keep track of this
we scale down our LECs continuously from the values found
above to zero. Such a solution of the BSE is of course by no
means physical since no further fitting to experimental data is
done here. Qualitatively, however, we observe that both poles
move (the second one by about 100 MeV) to lower values of
Re(Wcms). The conclusion to be drawn is that difference in pole
positions extracted in our approach and the one by Ikeda et al.
is due to the differences in the fit strategies.
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Appendix A. Couplings

For the channel indices {b, j; i, a} corresponding to the pro-
cess φiBa → φ jBb the relevant coupling matrices read

Ab, j;i,aWT = −
1

4F jFi
〈λb†[[λ j†, λi], λa]〉,

Ab, j;i,a14 = −
2

F jFi

(

2b4〈λb†λa〉〈λ j†λi〉

+ b1
(

〈λb†[λ j†, [λi, λa]]〉 + 〈λb†[λi, [λ j†, λa]]〉
)

+ b2
(

〈λb†{λ j†, [λi, λa]}〉 + 〈λb†{λi, [λ j†, λa]}〉
)

+ b3
(

〈λb†{λ j†, {λi, λa}}〉 + 〈λb†{λi, {λ j†, λa}}〉
))

,

Ab, j;i,a57 = −
2

F jFi

(

b5〈λb†[[λ j†, λi], λa]〉 + b6〈λb†{[λ j†, λi], λa}〉

+ b7
(

〈λb†λ j†〉〈λiλa〉 + 〈λb†λi〉〈λaλ j†〉
))

,

Ab, j;i,a811 = −
1

F jFi

(

2b11〈λb†λa〉〈λ j†λi〉

+ b8
(

〈λb†[λ j†, [λi, λa]]〉 + 〈λb†[λi, [λ j†, λa]]〉
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+ b9
(

〈λb†[λ j†, {λi, λa}]〉 + 〈λb†[λi, {λ j†, λa}]〉
)

+ b10
(

〈λb†{λ j†, {λi, λa}}〉 + 〈λb†{λi, {λ j†, λa}}〉
))

,

Ab, j;i,aM = −
1

2F jFi

(

2b0
(

〈λb†λa〉〈[λ j†λi]M̄〉
)

+ bD
(

〈λb†{{λ j†, {M̄, λi}}, λa}〉 + 〈λb†{{λi, {M̄, λ j†}}, λa}〉
)

+ bF
(

〈λb†[{λ j†, {M̄, λi}}, λa]〉 + 〈λb†[{λi, {M̄, λ j†}}, λa]〉
)

)

,

where λ denote the 3× 3 channel matrices (e.g. φ = φiλi for the
physical meson fields) and the Fi are the meson decay constants
in the respective channel. Moreover, M̄ is obtained from the
quark mass matrix M via the Gell–Mann Oakes Renner rela-
tions, and given in terms of the meson masses as follows, M̄ =
1
2diag(M
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,M2
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framework, see Ref. [8], it is known that off-shell effects can ac-
count for large modifications of the pole positions. Setting the
tadpole integrals to zero, we obtain immediately the solution of
the BSE in the on-shell factorization. Note that this solution is
still different to the one by Ikeda et al. [6, 7] since no s-wave
projection is performed. We found that in the present case the
off-shell effects do not alter the pole position drastically. More
precisely, the imaginary part of the first pole decreases and the
one of the second increases by about 10 MeV. The real parts of
both poles do not change significantly. Secondly, we noticed
much smaller values of the NLO LECs found by Ikeda et al.
additionally to the fact that the LECs bi (i = 5, .., 11) were ne-
glected there due to the s-wave projection. To keep track of this
we scale down our LECs continuously from the values found
above to zero. Such a solution of the BSE is of course by no
means physical since no further fitting to experimental data is
done here. Qualitatively, however, we observe that both poles
move (the second one by about 100 MeV) to lower values of
Re(Wcms). The conclusion to be drawn is that difference in pole
positions extracted in our approach and the one by Ikeda et al.
is due to the differences in the fit strategies.
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for comments. This work is supported in part by the DFG
(SFB/TR 16 “Subnuclear Structure of Matter”) and by the EU
HadronPhysics3 project “Study of Strongly Interacting Mat-
ter”.

Appendix A. Couplings
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where λ denote the 3× 3 channel matrices (e.g. φ = φiλi for the
physical meson fields) and the Fi are the meson decay constants
in the respective channel. Moreover, M̄ is obtained from the
quark mass matrix M via the Gell–Mann Oakes Renner rela-
tions, and given in terms of the meson masses as follows, M̄ =
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framework, see Ref. [8], it is known that off-shell effects can ac-
count for large modifications of the pole positions. Setting the
tadpole integrals to zero, we obtain immediately the solution of
the BSE in the on-shell factorization. Note that this solution is
still different to the one by Ikeda et al. [6, 7] since no s-wave
projection is performed. We found that in the present case the
off-shell effects do not alter the pole position drastically. More
precisely, the imaginary part of the first pole decreases and the
one of the second increases by about 10 MeV. The real parts of
both poles do not change significantly. Secondly, we noticed
much smaller values of the NLO LECs found by Ikeda et al.
additionally to the fact that the LECs bi (i = 5, .., 11) were ne-
glected there due to the s-wave projection. To keep track of this
we scale down our LECs continuously from the values found
above to zero. Such a solution of the BSE is of course by no
means physical since no further fitting to experimental data is
done here. Qualitatively, however, we observe that both poles
move (the second one by about 100 MeV) to lower values of
Re(Wcms). The conclusion to be drawn is that difference in pole
positions extracted in our approach and the one by Ikeda et al.
is due to the differences in the fit strategies.
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cess φiBa → φ jBb the relevant coupling matrices read
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where λ denote the 3× 3 channel matrices (e.g. φ = φiλi for the
physical meson fields) and the Fi are the meson decay constants
in the respective channel. Moreover, M̄ is obtained from the
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framework, see Ref. [8], it is known that off-shell effects can ac-
count for large modifications of the pole positions. Setting the
tadpole integrals to zero, we obtain immediately the solution of
the BSE in the on-shell factorization. Note that this solution is
still different to the one by Ikeda et al. [6, 7] since no s-wave
projection is performed. We found that in the present case the
off-shell effects do not alter the pole position drastically. More
precisely, the imaginary part of the first pole decreases and the
one of the second increases by about 10 MeV. The real parts of
both poles do not change significantly. Secondly, we noticed
much smaller values of the NLO LECs found by Ikeda et al.
additionally to the fact that the LECs bi (i = 5, .., 11) were ne-
glected there due to the s-wave projection. To keep track of this
we scale down our LECs continuously from the values found
above to zero. Such a solution of the BSE is of course by no
means physical since no further fitting to experimental data is
done here. Qualitatively, however, we observe that both poles
move (the second one by about 100 MeV) to lower values of
Re(Wcms). The conclusion to be drawn is that difference in pole
positions extracted in our approach and the one by Ikeda et al.
is due to the differences in the fit strategies.
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Figure 4: Real and imaginary part of the K−p → K−p scattering amplitude. The shaded band indicates the uncertainty of the calculation. The data point at
Wcms = MK + mp is determined from the energy shift and width of kaonic hydrogen from the SIDDHARTA experiment.

framework, see Ref. [8], it is known that off-shell effects can ac-
count for large modifications of the pole positions. Setting the
tadpole integrals to zero, we obtain immediately the solution of
the BSE in the on-shell factorization. Note that this solution is
still different to the one by Ikeda et al. [6, 7] since no s-wave
projection is performed. We found that in the present case the
off-shell effects do not alter the pole position drastically. More
precisely, the imaginary part of the first pole decreases and the
one of the second increases by about 10 MeV. The real parts of
both poles do not change significantly. Secondly, we noticed
much smaller values of the NLO LECs found by Ikeda et al.
additionally to the fact that the LECs bi (i = 5, .., 11) were ne-
glected there due to the s-wave projection. To keep track of this
we scale down our LECs continuously from the values found
above to zero. Such a solution of the BSE is of course by no
means physical since no further fitting to experimental data is
done here. Qualitatively, however, we observe that both poles
move (the second one by about 100 MeV) to lower values of
Re(Wcms). The conclusion to be drawn is that difference in pole
positions extracted in our approach and the one by Ikeda et al.
is due to the differences in the fit strategies.
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Appendix A. Couplings

For the channel indices {b, j; i, a} corresponding to the pro-
cess φiBa → φ jBb the relevant coupling matrices read

Ab, j;i,aWT = −
1

4F jFi
〈λb†[[λ j†, λi], λa]〉,

Ab, j;i,a14 = −
2

F jFi

(

2b4〈λb†λa〉〈λ j†λi〉

+ b1
(

〈λb†[λ j†, [λi, λa]]〉 + 〈λb†[λi, [λ j†, λa]]〉
)

+ b2
(

〈λb†{λ j†, [λi, λa]}〉 + 〈λb†{λi, [λ j†, λa]}〉
)

+ b3
(

〈λb†{λ j†, {λi, λa}}〉 + 〈λb†{λi, {λ j†, λa}}〉
))

,

Ab, j;i,a57 = −
2

F jFi

(

b5〈λb†[[λ j†, λi], λa]〉 + b6〈λb†{[λ j†, λi], λa}〉

+ b7
(

〈λb†λ j†〉〈λiλa〉 + 〈λb†λi〉〈λaλ j†〉
))

,

Ab, j;i,a811 = −
1

F jFi

(

2b11〈λb†λa〉〈λ j†λi〉

+ b8
(

〈λb†[λ j†, [λi, λa]]〉 + 〈λb†[λi, [λ j†, λa]]〉
)

+ b9
(

〈λb†[λ j†, {λi, λa}]〉 + 〈λb†[λi, {λ j†, λa}]〉
)

+ b10
(

〈λb†{λ j†, {λi, λa}}〉 + 〈λb†{λi, {λ j†, λa}}〉
))

,

Ab, j;i,aM = −
1

2F jFi

(

2b0
(

〈λb†λa〉〈[λ j†λi]M̄〉
)

+ bD
(

〈λb†{{λ j†, {M̄, λi}}, λa}〉 + 〈λb†{{λi, {M̄, λ j†}}, λa}〉
)

+ bF
(

〈λb†[{λ j†, {M̄, λi}}, λa]〉 + 〈λb†[{λi, {M̄, λ j†}}, λa]〉
)

)

,

where λ denote the 3× 3 channel matrices (e.g. φ = φiλi for the
physical meson fields) and the Fi are the meson decay constants
in the respective channel. Moreover, M̄ is obtained from the
quark mass matrix M via the Gell–Mann Oakes Renner rela-
tions, and given in terms of the meson masses as follows, M̄ =
1
2diag(M

2
K+ −M

2
K0 +M

2
π0
,M2

K0 −M
2
K+ +M

2
π0
,M2

K+ +M
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2
π0
) .
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framework, see Ref. [8], it is known that off-shell effects can ac-
count for large modifications of the pole positions. Setting the
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the BSE in the on-shell factorization. Note that this solution is
still different to the one by Ikeda et al. [6, 7] since no s-wave
projection is performed. We found that in the present case the
off-shell effects do not alter the pole position drastically. More
precisely, the imaginary part of the first pole decreases and the
one of the second increases by about 10 MeV. The real parts of
both poles do not change significantly. Secondly, we noticed
much smaller values of the NLO LECs found by Ikeda et al.
additionally to the fact that the LECs bi (i = 5, .., 11) were ne-
glected there due to the s-wave projection. To keep track of this
we scale down our LECs continuously from the values found
above to zero. Such a solution of the BSE is of course by no
means physical since no further fitting to experimental data is
done here. Qualitatively, however, we observe that both poles
move (the second one by about 100 MeV) to lower values of
Re(Wcms). The conclusion to be drawn is that difference in pole
positions extracted in our approach and the one by Ikeda et al.
is due to the differences in the fit strategies.
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ANTIKAON - DEUTERON THRESHOLD PHYSICS

 . . .  looking forward to SIDDHARTA 2 

Strategies:   Multiple scattering (MS) theory vs. three-body (Faddeev) calculations
                      with Chiral SU(3) Coupled Channels input

MS approach (fixed scatterer approximation): K−

d scattering length

K
−

N N

ãp =

(

1 +
mK

MN

)

a(K−p → K−p)

ãn =

(

1 +
mK

MN

)

a(K−

n → K
−

n)

Table 4: Parameters of the deuteron wave functions [6].

j Cj (fm−1/2) Dj (fm−1/2)
1 0.88472985 0.22623762 × 10−1

2 −0.26408759 −0.50471056
3 −0.44114404 × 10−1 0.56278897
4 −0.14397512 × 102 −0.16079764 × 102

5 0.85591256 × 102 0.11126803 × 103

6 −0.31876761 × 103 −0.44667490 × 103

7 0.70336701 × 103 0.10985907 × 104
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Figure 4: Wave functions of CD-Bonn [6].

Table 5: Estimate of K−d scattering length with Refs. [2, 3] and realistic deuteron wave functions
of CD-Bonn [6].

Input [2, 3] CD-Bonn
Full model AKd [fm] −1.54 + i1.64
No charge exchange AKd [fm] −1.04 + i1.34
Impulse approximation AKd [fm] −0.13 + i1.81
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ANTIKAON - DEUTERON  SCATTERING LENGTH

Fig. 4. Uncertainty of the boundary of allowed values for AKd. The central value
(solid line) corresponds to the average of ap from scattering data and the SID-
DHARTA value; uncertainty (shaded area) from the combined errors of these two
sources.

4. In summary, we have reanalysed the predictions for the kaon-deuteron
scattering length in view of the new kaonic hydrogen experiment from SID-
DHARTA. Based on consistent solutions for input values of the K−p scatter-
ing length, we have explored the allowed ranges for the isoscalar and isovector
kaon-nucleon scattering lengths and explored the range of the complex-valued
kaon-deuteron scattering length that is consistent with these values. In partic-
ular, the new SIDDHARTA measurement is shown to resolve inconsistencies
for a0, a1, and AKd as they arose from the DEAR data. A precise measure-
ment of the K−d scattering length from kaonic deuterium would therefore
serve as a stringent test of our understanding of the chiral QCD dynamics
and is urgently called for.
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Recent calculations using SIDDHARTA - constrained input
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Predicted energy shift and width of kaonic deuterium  (Faddeev calculation):

∆E1s = −794 eV Γ1s(K
−

d) = 1012 eV

Primary theoretical uncertainties from K−

n amplitude
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UPDATE  on  QUASIBOUND  K pp-

Variational calculations    3-Body (Faddeev) calculations    

. . . now consistently using amplitudes from Chiral SU(3) coupled-channels    
    dynamics including  energy dependence  in  subthreshold  extrapolations

K−pp calculated binding energies & widths (in MeV)

chiral, energy dependent non-chiral, static calculations

var. [1] var. [2] Fad. [3] var. [4] Fad. [5] Fad. [6] var. [7]

B 16 17–23 9–16 48 50–70 60–95 40–80

Γ 41 40–70 34–46 61 90–110 45–80 40–85

1. N. Barnea, A. Gal, E.Z. Liverts, PLB 712 (2012)

2. A. Doté, T. Hyodo, W. Weise, NPA 804 (2008) 197, PRC 79 (2009) 014003

3. Y. Ikeda, H. Kamano, T. Sato, PTP 124 (2010) 533

4. T. Yamazaki, Y. Akaishi, PLB 535 (2002) 70

5. N.V. Shevchenko, A. Gal, J. Mareš, PRL 98 (2007) 082301

6. Y. Ikeda, T. Sato, PRC 76 (2007) 035203, PRC 79 (2009) 035201

7. S. Wycech, A.M. Green, PRC 79 (2009) 014001 (including p waves)

Robust binding & large widths; chiral models give weak binding.
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Calculated binding energy and width (in MeV) of the K−pp system
[1] [2] [3]

[3]

[1]

[2]

Variational (hyperspherical harmonics): 

modest binding

large width

Variational (Gaussian trial wave functions): 

Faddeev: 

N. Barnea,  A. Gal,  E.Z. Livets ;    Phys. Lett. B 712 (2012) 132

A. Doté, T. Hyodo, W. W. ;   Phys. Rev. C 79 (2009) 014003

Y. Ikeda, H. Kamano, T. Sato ;  Prog. Theor. Phys. 124 (2010) 533

remarkable degree of 
consistency


