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Lattice calculations

Solve a physical theory by putting it on a spacetime-lattice!

Lattice QCD
QCD observables from first principles
quarks and gluons as degrees of freedom

D. Lee

Nuclear Lattice Calculations
nuclei from first principles
nucleons and pions as d.o.f.
based on chiral effective theory
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Lattice artifacts

lattice spacing a

lattice size L

a→ 0 : continuum limit
L→∞ : infinite-volume limit
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Lüscher’s famous formula

Lüscher’s idea
Use the volume dependence as a tool!

p cot δ0(p) = 1
πL

S(η) , η =
(
Lp

2π

)2

p = p
(
E(L)

)
measure energy levels in finite volume
extract physical scattering phase shift
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Bound states in boxes

The box
periodic finite volume
cube of size L3

The bound states
2-body bound states
wavefunction ψ

↪→

L

L

L

binding momentum κ ←→ intrinsic length scale

The finite volume changes the properties of the system!
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Part I
Mass shift of bound states with angular momentum
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Starting point

S-wave bound state
Lüscher (1986)

∆mB = −24π|A|2 e−κL

mL
+O

(
e−
√

2κL)

↪→ L

L

L

What’s the the result for states with angular momentum?
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Why care about higher partial waves?
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Halo nuclei

single nucleon weakly bound to a
tight core

can be described as an effective
2-body state

nucleus by Cam-Ann, Wikimedia Commons

Halo-EFT
expansion in Rcore/Rhalo → effective field theory

Example

P-wave state just below 10Be + n
threshold in 11Be

TUNL Nuclear Data
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Schrödinger equation

Ĥ = − 1
2µ∆r + V (r)

Ĥ |ψB〉 = −κ
2

2µ |ψB〉

finite-range interaction:

V (r) = 0 for r > R

R

Radial Schrödinger equation

ψB(r) = u`(r)
r

Y m
` (θ, φ)  

( d2

dr2 −
`(`+ 1)
r2 − 2µV (r)− κ2

)
u`(r) = 0
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Asymptotic wavefunction

Radial Schrödinger equation( d2

dr2−
`(`+ 1)
r2 �����−2µV (r)−κ2

)
u`(r) = 0 for r > R

 u`(r) = i`γ ĥ+
` (iκr)

Riccati–Hankel functions

ĥ+
0 (z) = eiz

ĥ+
1 (z) =

(
1 + i

z

)
ei(z−π/2)

ĥ+
2 (z) = · · ·

æ æ

-R R
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Periodic finite volume

Periodic boundary conditions
→ infinitely many copies of the potential

VL(r) =
∑

n∈Z3

V (r + nL) , L� R

æ æ æ æ

-

3 L

2
-

L

2

L

2

3 L

2

V (r) = V0 θ(R− r)
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Mass shift

ĤL |ψ〉 = −EB(L) |ψ〉
Ĥ |ψB〉 = −EB(∞) |ψB〉

Mass shift
∆mB ≡ EB(∞)− EB(L)

mB = M − EB

The wavefunction ψ(r) has to be periodic, too! ψ(r + nL) = ψ(r)

Ansatz: ψ0(r) =
∑

n∈Z3

ψB(r+nL)  ĤL |ψ0〉 = −EB(∞) |ψ0〉+

η(r) =
∑

n6=n′
V (r + nL)ψB(r + n′L)

〈ψ| ĤL |ψ0〉 = −EB(L) 〈ψ|ψ0〉 = −EB(∞) 〈ψ|ψ0〉+ 〈ψ|η〉
Result

∆mB = 〈ψ|η〉
〈ψ0|ψ0〉

=
∑
|n|=1

∫
d3r ψ∗B(r)V (r)ψB(r + nL) +O

(
e−
√

2κL)
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 ĤL |ψ0〉 = −EB(∞) |ψ0〉+

η(r) =
∑

n6=n′
V (r + nL)ψB(r + n′L)
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Overlap integral

∆mB =
∑
|n|=1

∫
d3r ψ∗B(r)V (r)ψB(r + nL) +O

(
e−
√

2κL)
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S-wave result

∆mB =
∑
|n|=1

∫
d3r ψ∗B(r− nL)V (r− nL)Y m

` (θ, φ) i`γĥ+
` (iκr)
r

+ · · ·

S-waves → Y 0
0 (θ, φ) = 1√

4π
, ĥ+

0 (iκr) = e−κr

[
∆r − κ2

]e−κr

r
= −4πδ(3)(r) → Green’s function

S-waves
sum just yields a factor six. . .

∆m(0,0)
B = −3|γ|2 e−κL

µL
+O

(
e−
√

2κL)
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P-wave result

∆mB =
∑
|n|=1

∫
d3r

1
2µ
[
∆r − κ2

]
ψ∗B(r− nL)Y m

` (θ, φ) i`γĥ+
` (iκr)
r

+ · · ·

P-waves → Y 0
1 (θ, φ) ∼ cos θ = z

r
, ĥ+

1 (iκr) ∼
(

1 + 1
κr

) e−κr

r

∂

∂z

[
e−κr

r

]
= ∂r

∂z

∂

∂r

[
e−κr

r

]

= z

r

−κre−κr − e−κr

r2 = cos θ
[

e−κr

r

](
−κ− 1

r

)
P-waves

∆m(1,0)
B = ∆m(1,±1)

B = 3|γ|2 e−κL

µL
+O

(
e−
√

2κL)
Mass shift for P-wave states exactly reversed compared to S-waves!
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` (iκr)
r

+ · · ·

P-waves → Y 0
1 (θ, φ) ∼ cos θ = z

r
, ĥ+
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Lemma

∆mB =
∑
|n|=1

∫
d3r

1
2µ
[
∆r − κ2

]
ψ∗B(r− nL)Y m

` (θ, φ) i`γĥ+
` (iκr)
r

+ · · ·

Lemma

Y m
` (θ, φ) ĥ

+
` (iκr)
r

= (−i)`Rm`
(
−1
κ

∇r

)[e−κr

r

]

Rm` (r) = r`Y m
` (r̂)

Lüscher 1991

∆mB ∼
∑
|n|=1

∫
d3r

1
2µ
[
∆r − κ2

]
ψ∗B(r− nL)Rm`

(
−1
κ

∇r

)[e−κr

r

]
+ · · ·
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+
` (iκr)
r

= (−i)`Rm`
(
−1
κ

∇r

)[e−κr

r

]

Rm` (r) = r`Y m
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µL
+O

(
e−
√

2κL)
Mass shift for P-wave states exactly reversed compared to S-waves!
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P-wave result

∆mB ∼
∑
|n|=1

∫
d3r

1
2µ
[
∆r − κ2

]
ψ∗B(r− nL) ∂
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r

]
+ · · ·
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Sign of the mass shift

odd parity → WF profile compressed → more curvature
 less bound

x

ψeven

∆mB > 0

∆mB < 0

even parity → WF profile relaxed → less curvature
 more deeply bound
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Broken symmetry
The finite volume breaks the symmetry of the system

rot. group SO(3)

→
cubic group O

Irreducible representations of SO(3) are reducible with respect to O!

O → 5 irred. representations
Γ A1 A2 E T1 T2

dim Γ 1 1 2 3 3

calculate mass shift using

|Γ, `; i〉 =
∑
m

CΓ
`im |`,m〉
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General result

After integrating by parts, we have

∆m(`,m)
B = (−1)`+1 · 2πγ

µ

∑
|n|=1

Rm`

(
−1
κ

∇r

)
ψ∗B,(`,m)(r)

∣∣∣∣∣
r=nL

+ · · · .

General formula

∆m(`,Γ)
B = α

(
1
κL

)
· |γ|2 e−κL

µL
+O

(
e−
√

2κL)
` Γ α(x)
0 A+

1 −3
1 T−1 +3
2 T+

2 30x+ 135x2 + 315x3 + 315x4

2 E+ −1/2
(
15 + 90x+ 405x2 + 945x3 + 945x4)
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Part II
Topological factors in scattering systems
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Motivation: atom-dimer scattering
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Atom-dimer scattering

p cot δ0(p) = 1
πL

S(η) , η =
(
Lp

2π

)2
, p = p

(
E(L)

)
p cot δ0(p) = − 1

aAD
+ rAD

2 p2 +O(p4)

A part of E(L) is due to the binding of the dimer!
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Bound states in moving frames

So far. . .
considered two-particle state directly in relative coordinates

wavefunction ψ(r) , r = r1 − r2

Now
full wavefunction Ψ(r1, r2) = eiP·R ψ(r)

P = center-of-mass momentum
R = αr1 + (1− α)r2 , α = m1

m1 +m2

m1

m2

r

Put system into finite box, impose periodic BC. . .
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Twisted boundary conditions

m1

m2

r

P

Now Ψ(r1, r2) has to be periodic!

Ψ(r1+nL, r2) = eiP·R eiαLP·n ψ(r+nL)= Ψ(r1, r2)

 ψ(r + nL) = e−iαLP·n ψ(r)

“twisted boundary conditions”

Question
What is the finite-volume mass shift in this case?

Composite particles on the lattice – p. 28



Twisted boundary conditions

m1

m2

r

P

Now Ψ(r1, r2) has to be periodic!

Ψ(r1+nL, r2) = eiP·R eiαLP·n ψ(r+nL)= Ψ(r1, r2)

 ψ(r + nL) = e−iαLP·n ψ(r)

“twisted boundary conditions”

Question
What is the finite-volume mass shift in this case?

Composite particles on the lattice – p. 28



Mass shift for twisted boundary conditions

boundary condition: ψ(r + nL) = e−iθ·n ψ(r) , θ = αLP
new ansatz: ψ0(r) =

∑
n∈Z3

ψB(r + nL) eiθ·n

 ∆mB =
∑
|n|=1

∫
d3r ψ∗B(r)V (r)ψB(r + nL) eiθ·n +O

(
e−
√

2κL)
S-wave result

∆mB = −|γ|2 e−κL

µL
×

∑
n=êx,êy ,êz

cos(θ · n) + · · ·

∑
n

cos(θ · n) = 3 for θ = (0, 0, 0) → consistent !

The mass shift vanishes in certain moving frames!
→ Davoudi & Savage, arXiv:1108.5371
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Scattering states
Now consider the scattering of two states A and B. . .

Scattering wavefunction

〈~r |Ψp〉 = c
∑
~k

ei
2π~k
L
·~r(

2π~k/L
)2 − p2

, EAB(p, L) = 〈Ψp| Ĥ |Ψp〉
〈Ψp |Ψp〉

∆EA~k (L) ≡ EA~k (L)− EA~k (∞) = 0

∆EB~k (L) = −|γ|2 e−κL

µL
×
∑

l=1,2,3
cos(2παBkl)

A

B

Topological volume factor

τ(η) = 1
N
∑
~k

∑
l=1,2,3 cos(2παkl)

3(~k2−η)2 , η =
(
Lp

2π

)2
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Topological correction factors

Topological volume factor

τ(η) = 1
N
∑
~k

∑
l=1,2,3 cos(2παkl)

3(~k2−η)2 , η =
(
Lp

2π

)2

Final result:

EAB(p, L)− EAB(p,∞) = τA(η) ∆EA~0 (L) + τB(η) ∆EB~0 (L)

Subtract this correction from measured energy levels! ⇒
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Corrected atom-dimer results
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The End

Summary

Mass shift can be calculated for bound states with arbitrary `.
Sign of the shift can be related to parity of the states.
Predictions can be tested with simple numerical calculations.
Mass shift of composite particles has to be corrected for in
scattering calculations.

***

Thanks for your attention!

Composite particles on the lattice – p. 34



The End

Summary

Mass shift can be calculated for bound states with arbitrary `.
Sign of the shift can be related to parity of the states.
Predictions can be tested with simple numerical calculations.
Mass shift of composite particles has to be corrected for in
scattering calculations.

***

Thanks for your attention!

Composite particles on the lattice – p. 34



Spares
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Asymptotic normalization constant

u`(r) = i`γ ĥ+
` (iκr) , Resp→iκ f`(p) ∼ γ2

scattering amplitude f`(p) ∼ T`(p) =
〈
p
∣∣T̂ ∣∣p〉

`

Effective range expansion

f`(p) ∝
p2`

p2`+1 [cot δ`(p)− i]

p2`+1 cot δ`(p) = − 1
a`

+ 1
2r` p

2 + · · ·

shallow bound states: p = iκ→ 0

r` + 2κ2`

γ2 = O(κ) for ` ≥ 1 , r0 + 2
γ2 −

1
κ

= O(κ) for ` = 0
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Overlap integral details (I)

It holds that

HLψ0(r) =
(
H0 +

∑
n
V (r + nL)

)∑
n′
ψB
(
r + n′L

)
=
∑
n′

H0 + V (r + n′L) +
∑

n|n6=n′
V (r + nL)

ψB(r + n′L
)

= −EB(∞)
∑
n′
ψB
(
r + n′L

)
+
∑

n 6=n′
V (r + nL)ψB

(
r + n′L

)
,

hence
ĤL |ψ0〉 = −EB(∞) |ψ0〉+ |η〉 ,

where
〈r|η〉 = η(r) =

∑
n6=n′

V (r + nL)ψB
(
r + n′L

)
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Overlap integral details (II)

|ψ〉 = α |ψ0〉+
∣∣ψ′〉 with

∣∣ψ′〉 = O
(
e−κL

)
, choose α s.t.

〈
ψ′
∣∣ψ0
〉

= 0

〈ψ| ĤL |ψ0〉 = −EB(∞) 〈ψ|ψ0〉+ 〈ψ|η〉 = −EB(∞) 〈ψ0|ψ0〉+ 〈ψ|η〉
= −EB(L) 〈ψ|ψ0〉 = −EB(L) 〈ψ0|ψ0〉

⇒ EB(∞)− EB(L) = ∆mB = 〈ψ|η〉
〈ψ0|ψ0〉

〈ψ|η〉 = 〈ψ0|η〉+
〈
ψ′
∣∣η〉 = 〈ψ0|η〉+O

(
e−2κL)

Infinite normalization constant drops out!
Only consider nearest neighbours!

⇒ ∆mB =
∑
|n|=1

∫
d3r ψ∗B(r)V (r)ψB(r + nL) +O

(
e−
√

2κL)
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Trace formula
Insert asymptotic form once more to get:

∆m(`,m)
B = (−1)`+1·2π|γ|

2

µ

∑
|n|=1

Rm`

(
−1
κ

∇r

)
R∗m`

(
−1
κ

∇r

)[e−κr

r

] ∣∣∣∣∣
r=nL

+. . .

From
∑̀
m=−`

Rm` (r)R∗m` (r) = 2`+ 1
4π r2`

we get
∑̀
m=−`

Rm`

(
−1
κ

∇r

)
R∗m`

(
−1
κ

∇r

)
f(r) = 2`+ 1

4π
1
κ2` ∆`f(r)

∆` e−κr

r
= κ2` e−κr

r
for r 6= 0

⇒
∑̀
m=−`

∆m(`,m)
B = (−1)`+1(2`+ 1) · 3|γ|2 e−κL

µL
+ . . .
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Mass shift for cubic group states

finite subgroup (24 elements) of SO(3)
five irreducible representations

Γ A1 A2 E T1 T2
dim Γ 1 1 2 3 3

Rewrite the mass shift

∆mB =
∑
|n|=1

∫
d3r ψ∗B(r)V (r)ψB(r + nL) +O

(
e−
√

2κL)
↓

∆m(Γ,`;i)
B =

〈
Γ, `; i

∣∣V̂ ∑
|n|=1

T̂ (nL)
∣∣Γ, `; i〉+ · · ·

|Γ, `; i〉 =
∑
m

CΓ
`im |`,m〉
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Cubic group splitting for ` = 2

D2 = T+
2 ⊕ E

+

T2 representation∣∣∣T+
2 , 2; 1

〉
= − 1√

2 (|2,−1〉+ |2, 1〉)∣∣∣T+
2 , 2; 2

〉
= i√

2 (|2,−1〉 − |2, 1〉)∣∣∣T+
2 , 2; 3

〉
= − 1√

2 (|2,−2〉 − |2, 2〉)

E representation∣∣∣E+, 2; 1
〉

= |2, 0〉∣∣∣E+, 2; 2
〉

= 1√
2 (|2,−2〉+ |2, 2〉)
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Mass shift up to ` = 3

∆m(`,Γ)
B = α

(
1
κL

)
· |γ|2 e−κL

µL
.+O

(
e−
√

2κL)
` Γ α(x)
0 A+

1 −3
1 T−1 +3
2 T+

2 30x+ 135x2 + 315x3 + 315x4

2 E+ −1/2
(
15 + 90x+ 405x2 + 945x3 + 945x4)

3 A−2 315x2 + 2835x3 + · · ·+ 28350x6

3 T−2 −1/2
(
105x+ 945x2 + 5355x3 + · · ·+ 42525x6)

3 T−1 1/2
(
14 + 105x+ 735x2 + 3465x3 + · · ·+ 23625x6)
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Basis polynomials

Solid harmonics
Rm` (r) = r` Y m

` (r̂)

R0
0 ∼ 1

R−1
1 ∼ x− iy , R0

1 ∼ z , R+1
1 ∼ x+ iy

R−2
2 ∼ (x− iy)2 , R−1

2 ∼ (x− iy)z , R0
2 ∼ 2z2 − x2 − y2 , . . .

Cubic group basis polynomials
P`,Γ;i(r̂)

P0,A+
1
∼ 1

P1,T−1
∼ x , y , z

P2,T+
2
∼ xy , yz , zx ; P2,E+ ∼ x2 − y2 , y2 − z2
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Leading parity

Define
lpP = (−1)dmax

where
dmax = max{degx P,degy P,degz P}

Then
α
(

1
κL

)
∼ (−1)dmax+1

(
1
κL

)`−dmax as κL→∞

P2,T+
2
∼ xy , yz , zx ⇒ dmax = 1

P2,E+ ∼ x2 − y2 , y2 − z2 ⇒ dmax = 2
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Numerical checks (I)

Results can be checked with a very simple calculation. . .

Lattice Hamiltonian

Ĥ0 =
∑

n̂

 3
µ̂
a†(n̂)a(n̂)− 1

2µ̂
∑

l=1,2,3

(
a†(n̂)a(n̂ + êl) + a†(n̂)a(n̂− êl)

)
Ê(q̂) = 1

µ̂

∑
l=1,2,3

(1− cos q̂i) = 1
2µ̂

∑
l=1,2,3

q̂2
l

[
1 +O(q̂2

l )
]

lattice units: L̂ = L/a, Ê = E · a, etc. , a = lattice spacing
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Numerical checks (II)
¡2¿

Interaction: Vstep(r) = −V0 θ(R− r)
Approximate infinite volume with L∞ = 40

Methods to calculate mass shift
1 ∆mB = EB(L∞)− EB(L) (direct difference)

2 ∆mB =
∑
|n|=1

∫
d3r ψ∗B(r)V (r)ψB(r + nL) (overlap integral)

3 ∆mB = α
(

1
κL

)
· |γ|2 e−κL

µL (Green’s function)

Replace

e−κ̂L̂/L̂ −→ 4πĜκ̂(L̂, 0, 0)

to reduce discretization errors!

Lattice Green’s function

Ĝκ̂(n̂) = 1
L3

∑
q̂

e−iq̂·n̂

Q2(q̂) + κ̂2
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Numerical checks (II)
¡2¿

Interaction: Vstep(r) = −V0 θ(R− r)
Approximate infinite volume with L∞ = 40

Methods to calculate mass shift
1 ∆mB = EB(L∞)− EB(L) (direct difference)

2 ∆mB =
∑
|n|=1

∫
d3r ψ∗B(r)V (r)ψB(r + nL) (overlap integral)

3 ∆mB = α
(

1
κL

)
· |γ|2 e−κL

µL (Green’s function)

Replace

e−κ̂L̂/L̂ −→ 4πĜκ̂(L̂, 0, 0)

to reduce discretization errors!

Lattice Green’s function

Ĝκ̂(n̂) = 1
L3

∑
q̂

e−iq̂·n̂

Q2(q̂) + κ̂2

Composite particles on the lattice – p. 46



Numerical checks (III)

∆mB = ±3 · |γ|2 e−κL

µL

4 5 6 7 8 9 10 11 12
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Numerical checks (IV)

∆mB =
( 30
κL

+ · · ·
)
· |γ|2 e−κL

µL
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Numerical checks (V)

∆mB = −1/2

(
15 + 90

κL
+ · · ·

)
· |γ|2 e−κL

µL
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